This paper presents some characterizations involving the concept of 1-movable independent domination in graphs and investigates the 1-movable independent dominating sets in the join and corona of graphs. Moreover, the 1-movable independent domination number in the join and corona of graphs are determined.
Introduction

Let G = (V (G), E(G)) be a graph and v ∈ V (G)
A subset S of V (G) is a dominating set of G if for every v ∈ V (G)\S, there exists u ∈ S such that uv ∈ E(G), that is, N G [S] = V (G). The domination number of G denoted by γ(G) is the smallest cardinality of a dominating set of G. A dominating set of G with cardinality equal to γ(G) is called a γ-set of G. If S is a dominating set of G, then a vertex w is a private neighbor of v ∈ S with respect to S if N (w) ∩ S = {v}. If w ∈ S, then w is an internal private neighbor of v, otherwise, w is an external private neighbor of v. The set of private neighbors of v ∈ S is denoted by pn (v; S), the set of internal private neighbors of v ∈ S is denoted by ipn (v; S) and the set of external private neighbors of v ∈ S is denoted by epn (v; S).
A subset S of V (G) is an independent set of G if for every two elements x, y ∈ S, xy / ∈ E(G). The independence number of G, denoted by β(G), is the largest cardinality of an independent set in G. An independent set S of G is called a maximum independent set if |S| = β(G). A non-empty subset S of V (G) is an independent dominating set of G if S is both an independent set and a dominating set. The independent domination number of G, denoted by γ i (G), is the smallest cardinality of an independent dominating set of G. An independent dominating set of G with cardinality equal to
A non-empty set S ⊆ V (G) is a 1-movable independent dominating set of G if S is an independent dominating set of G and for every v ∈ S, there exists a vertex u ∈ (V (G) \ S) ∩ N (v) such that (S \ {v}) ∪ {u} is an independent dominating set of G. The 1-movable independent domination number of a graph G, denoted by γ 1 mi (G), is the smallest cardinality of a 1-movable independent dominating set of G. A 1-movable independent dominating set of G with cardinality equal to γ
Independent domination in graphs under some binary operations is studied in [2] . On the other hand, 1-movable domination and its variants are introduced and studied in [1] , [3] , and [4] .
Results
A 1-movable independent dominating set does not always exist in a connected nontrivial graph G. Here, we denote by R 1 mi the family of all graphs with a 1-movable independent dominating set. Henceforth, it is assumed that all connected nontrivial graphs considered belong to the family R 1 mi . Clearly, every 1-movable independent dominating set of a connected nontrivial graph G is an independent dominating set. Hence, 
S is an independent dominating set of G and (S \ {x}) ∪ {y} = {y} is an independent dominating set of G. Thus, S is a 1-movable independent dominating set of G and hence a γ
and let S = {v}. Then S is an independent dominating set of G and (S \ {v}) ∪ {u} = {u} is an independent dominating set of G. Thus, S is a 1-movable independent dominating set of G and a γ
The next result characterizes the concept of 1-movable independent dominating set in terms of the concept of external private neighbors.
Theorem 2.3 Let G be a connected graph of order n ≥ 2. A subset S of V (G) is a 1-movable independent dominating set of G if and only if S is an independent dominating set of G and for each v ∈ S, there exists
Proof. Suppose S is a 1-movable independent dominating set of G. Then clearly, S is an independent dominating set of G. Let v ∈ S. Since S is a 1-movable independent dominating set of G, there exists a vertex
For the converse, suppose that S is an independent dominating set satisfying the given condition.
Let v ∈ S. By assumption, there exists
∈ {v} ∪ epn(v; S), then xy ∈ E(G) for some y ∈ S \ {v} since S is an independent dominating set of G. Hence, S v is a dominating set of G and hence an independent dominating set in G. Therefore, S is a 1-movable independent dominating set of G. 
Then, x and y are nonadjacent vertices of G which dominate G. Since S is a 1-movable independent dominating set of G, there exists
∈ E(G) and since {z, y} is an independent dominating set of G, it follows that v ∈ N G (z). Since v was arbitrarily chosen, it follows that epn(x; {x, y}) \ {z} ⊆ N G (z). Similarly, (b) holds. Hence, (ii) holds.
Conversely, suppose that (i) and (ii) hold. Then by Theorem 2.1, γ 1 mi (G) ≥ 2. Let S = {x, y} with xy / ∈ E(G) and S is a dominating set of G. Then by (a), there exists z ∈ (V (G) \ S) ∩ epn(x; {x, y}) such that (S \ {x}) ∪ {z} = {y, z} is an independent dominating set of G and by (b), there exists w ∈ (V (G) \ S) ∩ epn(y; {x, y}) such that(S \ {y}) ∪ {w} = {x, w} is an independent dominating set of G. Hence, S is a 1-movable independent dominating set of G and thus a γ
We now characterize the 1-movable independent dominating sets in the join of two connected nontrivial graphs. (ii) S is an independent dominating set of H such that (a) if |S| ≥ 2, then S is a 1-movable independent dominating set of H or (b) if |S| = 1, then either S is a 1-movable independent dominating set of H or there exists a u ∈ V (G) such that {u} is an independent dominating set in G.
Proof. Suppose that S is a 1-movable independent dominating set of G + H. Then S is an independent dominating set of G or S is an independent dominating set of H. Suppose that S is an independent dominating set of G. Consider the following cases: Case 1. |S| ≥ 2 Let v ∈ S. Since S is a 1-movable independent dominating set of G + H, there exists u ∈ (V (G+H)\S)∩N G+H (v) such that (S \{v})∪{u} is an independent dominating set of G + H. Since S \ {v} = ∅, it follows that u ∈ V (G) \ S. Thus, (S \ {v}) ∪ {u} is an independent dominating set of G. This implies that S is a 1-movable independent dominating set of G.
Case 2. |S| = 1 Let S = {v} for some v ∈ V (G). Since S is a 1-movable independent dominating set of G + H, there exists w ∈ (V (G + H) \ S) ∩ N G+H (v) such that (S \ {v}) ∪ {w} = {w} is an independent dominating set of G + H. If w ∈ V (G)
, then (S \ {v}) ∪ {w} = {w} is an independent dominating set of G. Thus, S is a 1-movable independent dominating set of G. If w ∈ V (H), then (S \ {v}) ∪ {w} = {w} is an independent dominating set of H. This proves (i). By using similar arguments, it can be shown that (ii) holds if S is an independent dominating set of H. Conversely, suppose that (i) holds. Then S is an independent dominating set of G + H. Now, consider the following cases: Case 1: |S| ≥ 2 Let v ∈ S. By assumption, there exists u ∈ (V (G) \ S) ∩ N G (v) such that S v = (S \ {v}) ∪ {u} is an independent dominating set of G. Thus, S v is an independent dominating set of G + H. This shows that S is a 1-movable independent dominating set of G + H. Case 2: |S| = 1 Let S = {v} for some v ∈ V (G). Suppose first that S is a 1-movable independent dominating set of G. Then there exists u ∈ (V (G) \ S) ∩ N G (v) such that (S\{v})∪{u} = {u} is an independent dominating set of G (and hence of G+H). Suppose that there exists w ∈ V (H) such S 1 = {w} is a (an independent) dominating set of H. Then (S \{v})∪{w} = {w} is an independent dominating set of H (and hence in G + H). So, in either case, S is a 1-movable independent dominating set of G + H. Similarly, if (ii) holds, then S is a 1-movable independent dominating set of G + H. 
Corollary 2.6 Let G and H be a connected nontrivial graphs, then
and there exists u ∈ V (H) such that {u} is an independent dominating set of H.
(ii) S is an independent dominating set of H and |S| = 1.
(iii) |S| ≥ 2 and S is a 1-movable independent dominating set of H.
Proof. Let V (K 1 ) = {x} and suppose that S ⊆ V (K 1 + H) is a 1-movable independent dominating set of K 1 + H. Consider the following cases:
Then S = {x}. Since S is a 1-movable independent dominating set of K 1 +H, there exists u ∈ V (H) such that (S \ {x}) ∪ {u} = {u} is an independent dominating set of K 1 + H(and hence of H). Thus, (i) holds. Case 2: x / ∈ S. Then S ⊆ V (H). Since S is an independent dominating set of K 1 + H, S is also an independent dominating set of H. If |S| = 1, then (ii) holds. Suppose that |S| ≥ 2. Since S is a 1-movable independent dominating set of
This implies that (S \ {v}) ∪ {u} is an independent dominating set of H. Thus, (iii) holds.
For the converse, suppose first that (i) holds. Then S = {x} = V (K 1 ) is an independent dominating set of K 1 + H and H has a γ i -set say, S 1 = {u} for some u ∈ V (H). Thus, (S \ {x}) ∪ {u} = {u} is an independent dominating set of K 1 + H. This means that S is a 1-movable independent dominating set of K 1 + H. Suppose (ii) holds, say S = {w} is an independent dominating set for some w ∈ V (H). Then (S \ {w}) ∪ {x} = {x} is an independent dominating set of K 1 + H. Hence, S is a 1-movable independent dominating set of K 1 + H. Finally, suppose that (iii) holds. Then S is an independent dominating set of
Since S is a 1-movable independent dominating set of H, there exists u ∈ (V (H) \ S) ∩ N H (v) such that (S \ {v}) ∪ {u} is an independent dominating set of H (and hence of K 1 + H). Since v was arbitrarily chosen, S is a 1-movable independent dominating set of K 1 + H.
Corollary 2.8 Let H be a connected graph of order
Recall that the corona of two graphs G and H, denoted by G • H, is the graph obtained by taking one copy of G of order n and n copies of H, and then joining the ith vertex of G to every vertex in the ith copy of H. For every v ∈ V (G), we denote by H v the copy of H whose vertices are joined or attached to the vertex v of G. 
Theorem 2.9 Let G and H be connected nontrivial graphs with
γ i (H) = 1. A subset C of V (G • H) is a 1-movable independent dominating set of G • H if and only if C = v∈V (G) D v , where D v is a 1-movable independent dominating set in H v for each v ∈ V (G).
Proof. Suppose that C is a 1-movable independent dominating set of G•H and let
. Therefore, because C is a 1-movable independent dominating set, it follows that D v is a 1-movable independent dominating set of H v for each v ∈ V (G). For the converse, suppose that C = v∈V (G) D v , where D v is a 1-movable independent dominating set in H v . Then, clearly, C is a 1-movable independent dominating set of G • H. Proof. Suppose that C is a 1-movable independent dominating set of G • H and set For the converse, suppose that C has the form as described. Then C is an independent dominating set of G • H. Now for each v ∈ V (G), let {z v } be an independent dominating set in H v . Let x ∈ C and let w ∈ V (G) such that x ∈ V (w + H w ). If x ∈ A, then (C \ {x}) ∪ {z w } is an independent dominating set of G . Then x ∈ S w . If S w = {x}, then, by assumption, S w is an independent dominating set of H w . Hence, (C \ {x}) ∪ {w} is an independent dominating set of G • H. If |S w | ≥ 2, then, by assumption, S w is a 1-movable independent dominating set of H w . Hence, there exists h ∈ V (H w ) \ S w such that (S w \ {x}) ∪ {h} is an independent dominating set of H w . Thus, (C \ {x}) ∪ {h} is an independent dominating set in G • H. Thus, in either case, C is a 1-movable independent dominating set of G • H. 
Theorem 2.10 Let G and H be connected nontrivial graphs with
γ i (H) = 1. A subset C of V (G • H) is a 1-movable independent dominating set of G • H if and only if C = A∪( v∈N [A]\A D v )∪( w / ∈N [A] S w ),A = C ∩ V (G). Then A is an independent set in G. Let v / ∈ A and suppose that v ∈ N [A] \ A. Then D v = C ∩ V (H v ) is a 1-movable independent dominating set in H v . Let w / ∈ A ∪ N (A) = N [A] and let S w = C ∩ V (H w ). If |S w | = 1,
